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What is Statistical Learning?

● Statistical Learning: A Framework for Data-Driven Understanding
○ A subfield of machine learning 
○ Utilizes statistical principles to model relationships within data.
○ It focuses on the discovery of patterns and the ability to generate predictions.

● Key Goals
○ Inference: Deriving insights and understanding the underlying structure of data.
○ Prediction: Forecasting or estimating future outcomes based on observed data.

● Essential Tools
○ Probability theory
○ Statistical models (e.g., linear regression, decision trees)
○ Algorithms for optimization and fitting models to data
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Role in Machine Learning and AI

● Core to ML Algorithms: Statistical Learning is essential for algorithms like decision 
trees, neural networks, support vector machines.

● Functions in ML:

● Model Selection & Evaluation: Statistical criteria guide the selection and assessment of models.

● Data Understanding: Statistical analysis reveals data structures and relationships.

● Framework for Validation: Statistics offer a lens to understand and validate 
algorithm outcomes.

● Boosted by Big Data: Advanced statistical methods expand capabilities in handling 
big data and complex structures.

● Foundational in Data Science: Indispensable for deriving insights, a pillar for data 
engineers and scientists.
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Distinguishing Types of Data

● Qualitative Data - Categorical Data
○ Describes characteristics or categories.
○ Non-numerical in nature.
○ Example: City, weather conditions (sunny, cloudy, rainy)

● Quantitative Data - Numerical Data
○ Numeric measurements or counts.
○ Represents quantities or magnitudes
○ Example: Temperature, rainfall, wind speed.
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Discrete vs. Continuous Data
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Population

● Mathematical Notation:
● P = {x1, x2, ..., xN} 
● Where xi  is an individual member, and N is the total count.

● Riyadh Weather Example: The population is all temperature readings for Riyadh in 
2018.



ChatGPT and OpenAI: Introduction                                                     Anis Koubaa @ 2023CS316: INTRODUCTION TO AI AND DATA SCIENCE ANIS KOUBAA | NOV 2024CHAPTER 7: STATISTICAL LEARNING

Sample

● Mathematical Notation:
○ S = {x1, x2, ..., xn} 
○ Where n<N indicating a smaller group selected from the population.

● Riyadh Weather Example: A sample could be temperature readings for a specific 
month or day in 2018.
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Why Samples Matter?

● Practicality: Analyzing entire populations is often costly, time-consuming, or 
impossible.

○ Training a computer vision neural network on a set of images (e.g. face recognition)

○ Estimate the price of a real-estate in a certain country

● Representativeness: A well-chosen sample can accurately reflect the 
characteristics of the larger population.

● Inference: Statistical methods allow us to draw conclusions about the whole 
population based on the sample we study.



CHAPTER 7
STATISTICAL LEARNING

Prof. Anis Koubaa

CS316: INTRODUCTION 
TO AI AND DATA SCIENCE

Fundamental Statistical 
Theorems in Data Science

LECTURE 1
FUNDAMENTAL STATISTICAL THEOREMS IN 

DATA SCIENCE 



ChatGPT and OpenAI: Introduction                                                     Anis Koubaa @ 2023CS316: INTRODUCTION TO AI AND DATA SCIENCE ANIS KOUBAA | NOV 2024CHAPTER 7: STATISTICAL LEARNING

Fundamental Statistical Theorems in Data Science

● Bayes' Theorem:
● Purpose: Enables updating of hypothesis probabilities with new 

evidence.
● Impact: Fundamental for predictive modeling, inferential 

statistics and decision-making.

● Law of Large Numbers (LLN):
● Principle: Sample means converge to the true population 

mean as sample size increases. 
● This underpins the reliability of insights we draw from data.
● Application: Ensures reliability of empirical averages in large 

datasets.

● Central Limit Theorem (CLT):
● Key Insight: Distribution of sample means tends towards a 

normal distribution as sample size grows, regardless of the 
population's original distribution.

● This is fundamental for hypothesis testing and confidence 
intervals.

● Significance: Crucial for inferential statistics, allowing for the 
application of normal distribution in various statistical models.

These theorems enable data scientists to confidently make 
inferences about populations based on samples.

They form the basis for predictive modeling, decision-making 
under uncertainty, and robust statistical analysis.
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Bayes' Theorem: Updating Beliefs with Data
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Bayes' Theorem in Action: Predicting Weather Patterns
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Bayes' Theorem in Action: Predicting Weather Patterns
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Bayes' Theorem in Python
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Law of Large Numbers

1: Head
0: Tail

http://www.youtube.com/watch?v=zjgh5ipwSnA
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Law of Large Numbers
● Definition: The Law of Large Numbers (LLN) ensures 

that the average of results from a large number of 
trials converges to the expected mean as trials 
increase.

● Key Points:
● Convergence: Sample averages approximate the 

population mean with a large number of trials.
● Foundation: Essential for validating statistical models and 

results in data science.
● Applications: Underlies inferential statistics, enabling 

population generalizations from sample data.

● Two Forms:
● Weak Law (WLLN): Convergence in probability to the 

expected value as sample size increases.
● Strong Law (SLLN): Almost sure convergence to the 

expected value, regardless of sample size growth.

● Significance: Validates that, given sufficient data, 
sample statistics can reliably estimate population 
parameters, critical for data-driven 
decision-making.
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The Laws of Large Numbers in Data Science
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The Laws of Large Numbers in Data Science
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Law of Large Numbers & Temperature Data Analysis
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Law of Large Numbers & Temperature Data Analysis
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Central Limit Theorem (CLT)
● Definition: 

● The CLT states that if you take sufficiently large, random 
samples from a population with a finite mean (µ) and 
variance (σ²), the distribution of the sample means will 
be approximately normal.

● This holds true regardless of the shape of the original 
population distribution.

● The larger the sample size, the closer the approximation 
to a normal distribution.

● Key Components:
● Large Number of Observations: The theorem applies 

when dealing with a sufficiently large sample size.
● Finite Mean and Variance: Each random variable must 

have a finite mean (μ) and variance (σ2).

● Significance in Data Science:
● Justification for Normal Distribution: Allows the use of 

normal distribution in statistical methods, even if the 
original data isn't normally distributed.

● Foundation for Statistical Methods: Vital for hypothesis 
testing, constructing confidence intervals, and much of 
the inferential statistics toolkit. https://www.scribbr.com/statistics/central-limit-theorem/
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The Power of Central Limit Theorem (CLT) in Diverse Data Analysis

● Universal Insight: Regardless of the original data's 
distribution, the mean of a sufficiently large sample will 
approximate a normal distribution.

● Application Across Data Types:
● Temperature readings from various cities.
● Survey responses across demographic groups.
● Sales figures from multiple outlets.

● Simplifying Data Complexity:
● Transforms diverse and variable data into a coherent, analyzable 

format.
● Facilitates the application of well-understood statistical methods.

● Foundation for Inference:
● Enables reliable inferences about a population based on sample 

data.
● Critical for hypothesis testing and constructing confidence intervals.

● Key to Statistical Methods:
● Makes the normal distribution a versatile tool for data analysis.
● Opens up pathways for deeper understanding and accurate 

predictions.

https://corporatefinanceinstitute.com/resources/data-science/central-limit-theorem/
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Central Limit Theorem: Real-World Application with Weather Data
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Central Limit Theorem: Real-World Application with Weather Data

● Overview: Multiple random samples (sizes: 10, 30, 50, 100, 200) 
analyzed to observe the Central Limit Theorem (CLT) effects on 
temperature data.

● Key Findings:
● Normal Distribution Emergence: With increasing sample sizes, sample 

means' distribution shifts towards a more symmetric, bell-shaped 
curve, validating CLT predictions.

● Convergence to True Mean: Larger samples show sample means 
converging towards the dataset's true mean temperature, enhancing 
the accuracy of population mean estimates.

● Variability Reduction: As sample size grows, the spread of sample 
means narrows, indicating more reliable estimates of the population 
mean.

● Statistical Inference: The observed trends enable applying 
normality-assuming statistical methods (hypothesis testing, 
confidence intervals) effectively.

● Conclusion: Analyzing Riyadh's temperature data with the CLT 
reveals that larger sample sizes cause sample means to closely 
follow a normal distribution, essential for precise population 
insights.
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Formal Definition and Mathematical Representation



CLT Proof
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Obtain Moments through Derivatives 
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Moment of Generating Functions
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Obtain Moments through Derivatives 
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Moment of Generating Functions
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Example of Gaussian Distribution
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Moment of Generating Functions - Python Example

The code calculates an 
Empirical MGF
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CLT Proof Strategy using MGF
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CLT Proof using MGF  - Problem Statement
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CLT Proof using MGF - Steps
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Fundamentals of Confidence Intervals

● Definition
○ CIs provide a range likely to contain the true 

population parameter (e.g., population mean).
○ They are associated with a level of confidence (e.g., 

95%), indicating the probability that the true 
parameter falls within the interval.

● Link to Central Limit Theorem (CLT): 
○ The CLT guarantees that the sampling distribution 

of the mean approximates a normal distribution for 
large sample sizes.

○ This normality allows us to create standardized 
confidence intervals using critical values from the 
standard normal distribution.
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Z-Score
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Confidence Interval as a Function of Sample Mean
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Mathematical Foundation of Confidence Intervals
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CLI Effect on  Confidence Intervals
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Confidence Levels and Interpretation

● Confidence Levels
○ Usually 95% or 99%.
○ Represents the percentage of confidence 

intervals that would contain the true 
population parameter if we repeated the 
sampling and calculation process many 
times.

● Interpretation of a 95% Confidence 
Interval
○ If we construct 100 confidence intervals from 

different samples, roughly 95 of them are 
expected to include the true population 
parameter.
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Confidence Levels Illustration
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Confidence Levels Illustration
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Confidence Levels Illustration



ChatGPT and OpenAI: Introduction                                                     Anis Koubaa @ 2023CS316: INTRODUCTION TO AI AND DATA SCIENCE ANIS KOUBAA | NOV 2024CHAPTER 7: STATISTICAL LEARNING

Introduction to Statistical Learning

● Statistical Learning vs. Machine Learning: 
● Statistical learning: Model interpretation, quantifying uncertainty 
● Machine learning: Large-scale prediction, data mining.

● Main challenge: Mathematical analysis, not structuring/visualizing data

● Core Goals of Data Modeling:
● Predict future quantities based on observed data.
● Discover interesting patterns within the data.

● Pillars of Statistical Learning:
● Function approximation: Understanding variable relationships, efficient representation
● Optimization: Finding the best model fit, calibration to data
● Prob/Stats: Assessing uncertainty, prediction accuracy, error sources
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Bayes' Theorem
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Law of Large Numbers & Temperature Data Analysis
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Central Limit Theorem: Real-World Application with Weather Data
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Introduction to Statistical Learning

● Statistical Learning vs. Machine Learning: 
● Statistical learning: Model interpretation, quantifying uncertainty 
● Machine learning: Large-scale prediction, data mining.

● Main challenge: Mathematical analysis, not structuring/visualizing data

● Core Goals of Data Modeling:
● Predict future quantities based on observed data.
● Discover interesting patterns within the data.

● Pillars of Statistical Learning:
● Function approximation: Understanding variable relationships, efficient representation
● Optimization: Finding the best model fit, calibration to data
● Prob/Stats: Assessing uncertainty, prediction accuracy, error sources
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Function Optimization: Critical Points Where 
Derivative Equals Zero
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Optimization in Data Science

● Objective: Identify the optimal model within a 
predefined class of mathematical models.

● Minimize the error between predicted values and actual 
observations

● Methodology: Employ efficient search or 
optimization techniques for model fitting.
● Example: Gradient Descent

● Application Example: 
● Maximizing recommendation system effectiveness by tuning 

algorithms.
● Enhancing weather forecast precision by calibrating 

prediction models.
● Improving email spam detection accuracy by refining logistic 

regression parameters.
https://www.analyticsvidhya.com/

https://medium.com/analytics-vidhya
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Understanding the Prediction Function

● Learning from data: The prediction function (g) is developed by "learning" 

patterns from existing data.

● Underlying Relationships: The function (g) attempts to model the true 

relationship between input features (x) and the output variable (y).

● Inherent Uncertainty: Real-world data contains randomness and unpredictable 

variation, limiting the perfection of any prediction function.
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Prediction Function Modeling



ChatGPT and OpenAI: Introduction                                                     Anis Koubaa @ 2023CS316: INTRODUCTION TO AI AND DATA SCIENCE ANIS KOUBAA | NOV 2024CHAPTER 7: STATISTICAL LEARNING

Prediction Function Modeling

https://livebook.manning.com/book/grokking-machine-learning/3-2-the-solution-building-a-regression-model-for-housing-prices/v-4/44
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Prediction Function Modeling

https://livebook.manning.com/book/grokking-machine-learning/3-2-the-solution-building-a-regression-model-for-housing-prices/v-4/44
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Prediction Function Modeling

https://livebook.manning.com/book/grokking-machine-learning/3-2-the-solution-building-a-regression-model-for-housing-prices/v-4/44
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Prediction Function Modeling

https://livebook.manning.com/book/grokking-machine-learning/3-2-the-solution-building-a-regression-model-for-housing-prices/v-4/44
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Loss Functions

● What are loss functions?

○ Loss functions are used to measure the difference (discrepancy) between the predicted 

value of a model and the true value.

○ They are essential for training machine learning models, as they provide a way to 

evaluate how well a model is performing and guide the learning process.
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Loss Functions in Prediction Models

Classification Loss Functions
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Squared Error Loss in Data Science
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Squared Error Loss in Data Science
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Squared Error Loss in Data Science
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Squared Error Loss in Data Science
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Zero-One (Binary) Loss Function 
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Cross-Entropy Loss in Data Science
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Why Logarithms in Predictions?

● Makes Big Mistakes Stand Out: Using logs turns small 
errors into big ones, making it clear when predictions 
are way off.

● Keeps Numbers Manageable: Logs help avoid super 
tiny numbers by turning multiplication into addition, 
which is easier for computers to handle.

● Measures Surprise: The more unexpected a prediction, 
the higher the log value. It’s like quantifying how 
surprised we are by a prediction.

● Helps Computers Learn Better: Logs adjust how much a 
prediction needs to change, making learning from 
mistakes more efficient.
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Cross-Entropy Loss in Data Science
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Risk in Predictive Modeling
Risk is a measure of the expected loss of a prediction function over 
all possible data points. It represents the average loss that the model 
would incur if it were applied to all possible data.

The loss function is a function that measures the difference 
between the predicted value and the true value for a single data 
point. 
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Risk in Predictive Modeling - Math Foundation
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Empirical Risk in Statistical Learning
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Risk Minimization
Risk minimization guides the selection of the model with the 
least expected loss, using loss functions tailored to specific 
problem types (classification or regression).

https://blog.ml.cmu.edu/2021/04/02/term/

g(X) is a model that we learn from data sample
g*(X) is the best model ever that we can learn from data
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Empirical Risk Minimization

https://blog.ml.cmu.edu/2021/04/02/term/

g^(X) is an empirical model that we learn from data sample
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Binary Loss Risk Minimization
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Regression Risk Minimization
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Practice Question
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Formulating Loss, Risk, and Minimization in Ranking
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Ranking Web Pages in Search Engines
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Predicted vs. Actual Order in Ranking Models
Query: 

Find the best Restaurant

g(Restaurant 1) g(Restaurant 2)

y(Restaurant 1) y(Restaurant 2)

Predicted

Actual
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Predicted vs. Actual Order in Ranking Models
Query: 

Find the best Restaurant

g(Restaurant 1) g(Restaurant 2)

y(Restaurant 1) y(Restaurant 2)

Predicted

Actual

>

>

Actual = Prediction
Loss = 0 (LOW LOSS)
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Predicted vs. Actual Order in Ranking Models
Query: 

Find the best Restaurant

g(Restaurant 1) g(Restaurant 2)

y(Restaurant 1) y(Restaurant 2)

Predicted

Actual

>

<

Actual ≠ Prediction
Loss = 1 (HIGH LOSS)
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Predicted vs. Actual Order in Ranking Models
Query: 

Find the best Restaurant

g(Restaurant 1) g(Restaurant 2)

y(Restaurant 1) y(Restaurant 2)

Predicted

Actual >

<

Actual ≠ Prediction
Loss = 1 (HIGH LOSS)
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Predicted vs. Actual Order in Ranking Models
Query: 

Find the best Restaurant

g(Restaurant 1) g(Restaurant 2)

y(Restaurant 1) y(Restaurant 2)

Predicted

Actual

<

<

Actual ≠ Prediction
Loss = 0 (LOW LOSS)Loss
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Predicted vs. Actual Order in Ranking Models
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Practice Question: Formulating Loss, Risk, and 
Minimization in Ranking

HINTS
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Practice Question: Formulating Loss, Risk, and 
Minimization in Ranking

SOLUTIONS
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Optimal Prediction Function for Squared-Error Loss

https://people.smp.uq.edu.au/DirkKroese/DSML/DSML.pdf
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Optimal Prediction Function for Squared-Error Loss
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Optimal Prediction Function for Squared-Error Loss
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PROOF. Optimal Prediction Function for SEL
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PROOF. Optimal Prediction Function for SEL
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Appendix. Optimal Prediction Function for SEL
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Appendix. Tower Property Definition
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Empirical Prediction vs Optimal Prediction
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Learning the Optimal Prediction Function 

Problem Statement
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Dataset vs. Sample
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Learning the Optimal Prediction Function

TEACHER-LEARNER PARADIGM
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SUPERVISED LEARNING: CONCEPT AND APPLICATIONS
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UNSUPERVISED LEARNING: EXPLORING DATA STRUCTURE

https://databasetown.com/unsuperv
ised-learning-types-applications/
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UNSUPERVISED LEARNING: EXPLORING DATA STRUCTURE

https://www.simplilearn.com/
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UNSUPERVISED LEARNING: EXPLORING DATA STRUCTURE

Transaction 1

Transaction 2

Transaction 3

Transaction 4

Transaction 5
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UNSUPERVISED LEARNING: EXPLORING DATA STRUCTURE
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Supervised vs. Unsupervised Learning
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Supervised Learning
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Unsupervised Learning
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Training Loss

not possible to compute its real risk (Expected Loss) R(g)
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Training Risk Minimization over set of Functions 
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Understanding Overfitting
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Overfitting Consequences
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Overfitting in Model Training
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Overfitting in Model Training

MSE = 0.1864
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Overfitting in Model Training

MSE = 0.010
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Overfitting in Model Training
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What is the MSE Train Loss?

Train Loss = 0
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What is the MSE Train/TEST Loss?

Unseen 
(Test) 
Data

Train Loss = 0

Test Loss > 0
Test 
Error

OVERFITTING
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Training Goal

The ultimate goal is not merely to minimize 

training loss but to build models that 

generalize well to unseen data.
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Overfitting | Optimal | Underfit
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Generalization Risk and Overfitting

https://people.smp.uq.edu.au/DirkKroese/DSML/DSML.pdf

FOR A FIXED TRAINING SET
In this scenario, generalization risk represents the average 
expected loss of a prediction model (straight line) on new, 
unseen data points (black dots), taking into account the 
underlying distribution of data (red dots).
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Expected Generalization Risk with Random Training Set T

https://people.smp.uq.edu.au/DirkKroese/DSML/DSML.pdf

FOR A FIXED TRAINING SET
In this scenario, the Expected Generalization Risk is the 
average loss of a trained model (gGT) over all possible 
training sets (T), calculated using the loss function and the 
probability distributions of data and training instances.
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Note: Understandingτ vs.  T in Training Datasets

https://people.smp.uq.edu.au/DirkKroese/DSML/DSML.pdf
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Application: Cross Validation

https://scikit-learn.org/stable/modules/cross_validation.html
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Example: Impact of Training Set Variability on 
Generalization Risk

https://scikit-learn.org/stable/modules/cross_validation.html

The graph demonstrates the variability in generalization risk 
(measured by MSE) across different training sets, 
highlighting how model performance can fluctuate due to 
randomness in training data selection, with the average 
generalization risk providing a more reliable performance 
metric.
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Example: Impact of Training Set Variability on 
Generalization Risk

https://scikit-learn.org/stable/modules/cross_validation.html

The graph demonstrates the variability in generalization risk 
(measured by MSE) across different training sets, 
highlighting how model performance can fluctuate due to 
randomness in training data selection, with the average 
generalization risk providing a more reliable performance 
metric.

Avg: 3.984
Std: 0.145
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Example: Impact of Training Set Variability on 
Generalization Risk
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Unbiased Estimation of Generalization Risk
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Comparing Predictive Performance
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Train/Dev/Test Split
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Mismatched Data Distribution
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How to Split Mismatched Distribution Data
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How to Split Mismatched Distribution Data
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Understanding Bias vs. Variance
الانحياز والتباين
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Simplifying the Bias-Variance Tradeoff
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Understanding Bias vs. Variance
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Understanding Bias vs. Variance
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Understanding Bias vs. Variance
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Understanding Bias vs. Variance
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How to Split Mismatched Distribution Data
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Overfitting | Optimal | Underfit
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Bias and Variance Cases
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Empirical Risk Minimization
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Introduction to Polynomial Regression
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Parametric Optimization Problem
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Parametric Optimization Problem
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CONCEPT. Transforming Polynomial Regression to 
Linear Form
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Importance of Linearization in Statistical Learning
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Simplifying Polynomial Models via Feature Expansion
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Linear Problem Formulation of Polynomial Regression



ChatGPT and OpenAI: Introduction                                                     Anis Koubaa @ 2023CS316: INTRODUCTION TO AI AND DATA SCIENCE ANIS KOUBAA | NOV 2024CHAPTER 7: STATISTICAL LEARNING

Understanding the Feature Matrix X

Batch (nxp)
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Capturing Nonlinear Relationships with 2nd Order 
Polynomial Feature Matrix

x0: first observation
x1: second observation

x2: third observation
x3: fourth observation
x4: fifth observation
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Capturing Nonlinear Relationships with 2nd Order 
Polynomial Feature Matrix

Feature 𝛽0 Feature 𝛽1 Feature 𝛽2
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Polynomial Regression Model of Degree 4
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Linear Problem Formulation of Polynomial Regression
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Linear Problem Formulation of Polynomial Regression

Learnable 
Parameters
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Linear Problem Formulation of Polynomial Regression
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Linear Problem Formulation of Polynomial Regression

-1.93

𝛽1=3.04 (fixed)
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Linear Problem Formulation of Polynomial Regression
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Linear Problem Formulation of Polynomial Regression
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Linear Problem Formulation of Polynomial Regression
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Understanding Tradeoffs in Statistical Learning
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Error Decomposition in Predictive Modeling
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Understanding Reducible and Irreducible Errors
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Decomposing Generalization Risk
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encoding, compression, and transmission 
processes, ensuring efficient and secure data 
handling.

● Entropy is utilized in machine learning for 
feature selection, model complexity 
assessment, and understanding data 
distributions, impacting decision-making and 
predictive modeling.
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